GEOMETRY OF THE COMMON DYNAMICS OF FLIPPED PISOT
SUBSTITUTIONS
B. SING AND V.F. SIRVENT

Abstract. In this article we study the common dynamics of two different Pisot substitutions
σ1 and σ2 having the same incidence matrix. This common dynamics arises in the study of the
adic systems associated with the substitutions σ1 and σ2 . Since the adic systems considered
here have geometric realizations given by solutions to graph-directed iterated function systems,
we actually study topological and measure-theoretic properties of the solution of those iterated
function sytems which describe the common dynamics. We also consider generalizations of these
results to the nonunimodular case, the case of more than 2 substitutions and the case of two
substitutions with different incidence matrices.

1. Introduction
Let σ1 and σ2 be two different Pisot substitutions so that they have the same incidence (or
substitution) matrix. In spite of the fixed points of each substitutions have the same digit frequencies, usually they show different dynamical and geometrical properties, e.g., their “Rauzy fractals”
have different topological properties.The definition of Rauzy fractal is given in Section 3.
Let us consider the case when σ1 and σ2 are the tribonacci substitutions, i.e.,


 a 7→ ab
 a 7→ ab
b 7→ ac
b →
7
ca
(1)
σ1trib :
and σ2trib :


c 7→ a
c →
7
a.
The Rauzy fractal of the first substitution is a topological disc [26], while it is folklore that the
Rauzy fractal of the second substitution is not simply connected [36], compare Figure 1. In the
case (these are flipped examples of the square of the fibonacci substitution a 7→ ab, b 7→ a).


a 7→ aba
a 7→ aab
fsq
fsq
(2)
σ1 :
and σ2 :
b 7→ ab
b 7→ ba.
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Figure 1. The Rauzy fractals for the tribonacci substitutions σ1trib and σ1trib .
The pieces Ωa , Ωb and Ωc are shown in light grey, grey and dark grey respectively.
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The Rauzy fractal of σ2fsq is a union of two disjoint closed sets and of σ1fsq is an interval, see [20,
Section 4.1] where σ1fsq (respectively σ2fsq ) is called σ6 (respectively σ5 ).
In this paper we study a common dynamics of the substitution σ1 and σ2 . This common
dynamics is given through the family of the product automata of the prefix automata associated
k
k
to the substitutions (σ1 ) and (σ2 ) for k ≥ 1, see Section 4 for exact definitions. In the case of
Pisot substitutions, these product automata give rise to graph-directed iterated function systems,
wherefore we have a geometric realization of the common dynamics. This common dynamics was
first studied by the second author in the case of the tribonacci substitutions in [33], however,
the product automaton was only considered for k = 1. There, the dynamical and geometrical
properties of the geometric realization of the symbolic dynamical system were studied in some
detail. We extend these results here.
2. Substitutions
A substitution on a finite alphabet A is a map σ from A to A∗ = ∪i≥0 Ai where Ai denotes
the set of words of length i in A, with A0 containing only the empty word ∅. This map extends
to a map on A∗ with concatenation by σ(∅) = ∅ and σ(uv) = σ(u) σ(v) for all u, v ∈ A∗ . Let
AN (respectively AZ ) denote the set of one-sided (respectively two-sided) infinite sequence in the
alphabet A. Then σ extends to a map on AN (respectively AZ ) in the obvious way. We call u ∈ AN
(respectively u ∈ AZ ) a fixed point of σ if σ(u) = u.
The incidence
matrix or substitution matrix of a substitution σ is defined as the matrix Sσ =

M = mij whose entries mij = #j σ(i) for 1 ≤ i, j ≤ card A, where #j w denotes the number of
occurrences of the symbol j in the (finite) word w. We say that a substitution is primitive if its
incidence matrix is primitive, i.e., for some integer m > 0 each entry of M m is positive.
From a primitive symbolic substitution σ, we derive a point set Λ on R. Let λ be the PerronFrobenius eigenvalue of the incidence matrix M , and ` = (`i )i∈A the associated positive left
eigenvector, which will in the following often be normalised such that `a = 1 (or, at least, that
`i = 1 for one i ∈ A). The intervals Ai = [0, `i ] are taken as prototiles for a tiling of R (where
we consider Ai to be distinct from Aj if i 6= j S
even if `i = `j ). A tiling of R by these prototiles
is a collection {Ti }∞
i=−∞ of tiles Ti for which
i Ti = R, each Ti is a translate of some Aj and
Ti ∩ Tj is at most a singleton for each i 6= j. If Ti is a translate of Aj , we say that Ti has type j.
For the set of tiles in the tiling {Ti }∞
i=−∞ of type j, we use the notation Aj + Λj . Here, Λj is the
set of left endpoints of tiles of type j of tiling. The whole tiling can therefore also be written as
{Aj + Λj | j ∈ A}, but we will use the notation A + Λ to denote the whole tiling.
The interval-lengths `i of the prototiles Ai (i ∈ A) are chosen to line up with the action of the
Pk
corresponding symbolic substitution: If σ(i) = i1 . . . ik , then λ · `i = j=1 `ij , i.e., if one inflates
the tile Ai by a factor of λ, then this inflated tile can be substituted by translates of the prototiles
according to the substitution rule as
n
o
λ Ai = [0, λ · `i ] 7→
Ai1 , Ai2 + `i1 , Ai3 + `i1 + `i2 , . . . , Aik + `i1 + . . . + `ik−1 .
Obviously, we can associate to a fixed point u = . . . u−2 u−1 u̇0 u1 u2 . . . of σ the tiling (we use the
dot “˙·” to mark the zeroth position)
n
o
. . . , Au−2 − `u−1 − `u−2 , Au−1 − `u−1 , Au0 , Au1 + `u0 , Au2 + `u0 + `u1 , . . . .
Moreover, this tiling is a fixed point of the inflation and substitution process.
In most of this paper we will study Pisot substitutions. A substitution σ in card A ≥ 2 symbols is
Pisot if the Perron-Frobenius eigenvalue of the incidence matrix M is a Pisot-Vijayaraghavan number and the characteristic polynomial is irreducible, or, equivalently, if all non-Perron-Frobenius
eigenvalues are nonzero and less than one in modulus. A Pisot substitution is primitive (cf. [7]
and [24, Theorem 1.2.9]). A substitution is unimodular Pisot if it is Pisot and the absolute value

GEOMETRY OF THE COMMON DYNAMICS OF FLIPPED PISOT SUBSTITUTIONS

l(∅)=0


$ '&%$
!"#
aW m

l(∅)=0

- '&%$
!"#
b

l(a)=1

l(∅)=0

l(∅)=0

z
'&%$
!"#
c


$ '&%$
!"#
aW m

Atrib
1

l(∅)=0,
l(ab)=1+ τ1


$ '&%$
!"#
al

l(a)=1

- '&%$
!"#
b

l(a)=1
l(c)=λ2 −λ−1

l(∅)=0

l(a)=1

3

z
'&%$
!"#
c

l(∅)=0

Atrib
2

z
, '&%$
!"#
b

l(a)=1

l(∅)=0

fsq

A1

l(∅)=0,
l(a)=1


$ '&%$
!"#
al

l(aa)=2

z
, '&%$
!"#
b

l(∅)=0

l(b)= τ1

Afsq
2

Figure 2. The prefix automata corresponding to the substitutions given in
Eq. (1) (top) and Eq. (2) (bottom). These are the prefix automata corresponding to the tribonacci substitutions (respectively to two of the flipped fibonaccisquared substitutions). In these examples, the Pisot-Vijayaraghavan numbers are
√
λ ≈ 1.839 (the dominant root of x3 − x2 − x − 1 = 0) and the square of τ = 1+2 5
(where τ is the golden mean).

of the determinant of its incidence matrix is 1. For Pisot substitutions, the lengths `i (i ∈ A) are
rationally independent.
A substitution can also be represented by an automaton. In [27] the prefix automaton for the
substitution σ, whose fixed point is obtained as σ ∞ (a), is defined as follows (note that we will use
a slightly different version of this automaton in the following, see ahead):
• set of states: A.
• set of labels: Pref = {the proper prefixes of the words σ(i), i ∈ A}. We shall denote by
∅ the empty prefix.
• transitions: If p, q are states of the automaton and w a word of Pref then there exists a
transition labelled by w from p to q, if and only if, the word wq is a prefix of σ(p).
• initial state: a.
The automaton reads words from left to right.
We change this automaton slightly: Define the map l : A∗ 7→ R by l(w1 . . . wk ) = `w1 + . . . + `wk
(with l(∅) = 0). Then, we use l(Pref) = {l(w) | w ∈ Pref} as set of labels and transitions are
labelled by l(w). The prefix automata Atrib
and Atrib
of the tribonacci substitutions σ1trib and
1
2
fsq
fsq
trib
σ2 (see Eq. (1)) respectively A1 and A2 of the flipped fibonacci-squared substitutions σ1fsq
and σ2fsq in Eq. (2) can be seen in Figure 2.
P
We note that one can also write l(w) = i∈A (#i w) · `i , wherefore for Pisot substitutions (by
the rational independence of the lengths `i ) we have: l(w) = l(w0 ) iff #i w = #i w0 for all i ∈ A.
However, for a more general substitution this is not the case, see the example in 4.2(vii).
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3. Model Sets and Iterated Function Systems
If a given primitive substitution sequence u can be described as model set, then the associated
(uniquely ergodic) dynamical system (X(u), S) has pure point spectrum, i.e., its eigenfunctions
span a dense subset of the Hilbert space L2 (X(u)), see [15, 29, 18]. This justifies the interest in
model sets.
A model set is defined within a cut and project scheme: The triple (G, H, L̃) is called a cut and
project scheme (or CPS for short), if G and H are σ-compact, locally compact Abelian groups
and L̃ a lattice in the product space G × H such that
(i) the canonical projection π1 : G × H → G is one-to-one on L = π1 (L̃) and
(ii) the image L? = π2 (L̃) is dense in H where π2 denotes the canonical projection π2 :
G × H → H.
Consequently, G is called direct space, H is called internal space, and one can define a so-called
−1
star map ·? : L → H by x? = π2 ◦ (π1 ) (x).
A model set Λ(Ω) is a nonempty subset of G such that
Λ(Ω) = {x ∈ L | x? ∈ Ω} ,
where Ω is a compact and regularly closed (i.e., it is the closure of its interior) subset of H. We say
that the model set Λ(Ω) is regular if the Haar measure (on H) of the boundary ∂Ω = cl Ω \ int Ω
vanishes. The set Ω is called the window of the model set Λ(Ω).
We say that the fixed point u of a substitution σ can be described as model set if there is a CPS
such that for each associated point set Λi there is a window Ωi (with Ωi = cl int Ωi and the Haar
measure of ∂Ωi vanishes, i.e., Λ(Ωi ) is a regular model set) such that Λ(int Ωi ) ⊂ Λi ⊂ Λ(Ωi ).
Let σ be an unimodular Pisot substitution on A and set n = card A. We denote the PerronFrobenius eigenvalue of the incidence matrix by λ = λ1 . The characteristic polynomial of the
incidence matrix is the minimal polynomial of λ1 , thus the other eigenvalues of the incidence
matrix are simply the algebraic conjugates of λ1 . We order the eigenvalues as follows
λ1 , λ2 , . . . , λr , λr+1 , λr+1 , λr+2 , λr+2 , . . . , λr+s , λr+s ,
i.e., first the r distinct real eigenvalues and then the s complex conjugate pairs (with r + 2 s = n).
Each eigenvalue λi corresponds to an embedding of the algebraic number field Q(λ1 ) into to reals
R (for i = 1, . . . , r) or the complex numbers C (for i = r +1, . . . , r +s and the complex conjugates).
Since the `i (i
P ∈ A) for a Pisot substitution are rationally independent, the group L =
h`1 , . . . , `n iZ = { i∈A ai · `i | ai ∈ Z, i ∈ A} is a free Abelian group of rank n and a subgroup
of the algebraic number field Q(λ1 ) of degree n. Using the Minkowski-embedding, we therefore
arrive at a CPS as follows: The collection of the Galois automorphisms λ1 7→ λi defines the star
map by
·? : Q(λ1 ) → Rr−1 × Cs , λ1 7→ (λ2 , . . . , λr , λr+1 , . . . , λr+s ),
and L̃ = {(x, x? ) | x ∈ L} is a lattice in R × (Rr−1 × Cs ) ' Rn .
We note that one might extend the star map to a map ∆ : A∗ → Rr−1 × Cs by ∆ = ? ◦ l. For
words u, v ∈ A∗ , it has the properties ∆(uv) = ∆(u) + ∆(v) and ∆(σ(u)) = λ? ∆(u), where we
here denote by λ? = diag(λ2 , . . . , λr , λr+1 , . . . , λr+s ) instead of the vector as usual. Also see [16]
where such a map is called a valuation of σ.
By the definition of a Pisot substitution, the algebraic conjugates λ2 , . . . , λr+s of λ1 are all
inside the unit circle, wherefore the matrix λ? acts as contraction on Rr−1 × Cs . Given a Pisot
substitution σ, one can therefore derive a graph-directed iterated function system (IFS) (see [21])
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on Rr−1 × Cs as follows:
[
[
Ωj =
i∈A

λ? Ωi + ∆(w) =

wj is a
prefix of σ(i)

[

5

?

λ? Ωi + (l(w))

l(w) is a label for a transition
i → j in the prefix automaton

There is a unique compact solution for this IFS, which we again denote by (Ωi )i∈A . We note that
by construction one has cl Λ?i = Ωi and therefore Λi ⊂ Λ(Ωi ) for all i ∈ A. We also note that



X 
?
an . . . a0 is a path in the prefix automaton terminating at i ∀n ∈ N .
Ωi =
λj1 · l(aj )


j≥0

One can show that all sets Ωi are regularly closed and their boundary vanishes in measure, see
for example [34, 32]. So the question is whether Λ(int Ωi ) ⊂ Λi holds for all i ∈ A. The so-called
Pisot conjecture states that this is the case for all Pisot substitutions.
There is an extensive list of equivalent conditions which ensure that a Pisot substitution can be
described as a model set. We will not state these conditions here,Sdetails can be found in the cited
literature. We also note that the sets Ωi respectively its union i∈A Ωi is often called the Rauzy
fractal associated to the substitution σ (the boundaries ∂Ωi usually have non-integral Hausdorff
dimension). For references on the Rauzy fractal and conditions under which the Pisot conjecture
is true, see [26, 2, 7, 16, 24, 34, 3, 30, 5, 37, 32].
4. Product Automaton and its Geometric Realisation
Let A1 and A2 be two prefix automata (with set of states A1 respectively A2 ). The product
automaton A1 × A2 is defined as the following automaton:
• set of states: A1 × A2 .
• labels: l is a label of A1 × A2 iff l is a label of A1 and A2 . For Pisot substitutions with
the same incidence matrix (and thus A1 = A2 ), we can also state this using symbols: w
is a label of A1 × A2 iff w is a label of A1 and there exists a label w0 of A2 so that (w, w0 )
form a balanced pair, i.e., #i w = #i w0 for all 1 ≤ i ≤ k, where #i w is the number of
times the symbol i appears in the word w.
• transitions: l(w) is a transition between (p1 , q1 ) and (p2 , q2 ) if and only if l(w) is a
transition between p1 and q1 and between p2 and q2 .
• initial states: The product of the initial states of A1 and A2 , i.e., (a, a)
And finally the strong connected component containing the initial state is taken.
Examples for the tribonacci and flipped fibonacci-squared substitutions in Equations (1) and
(2) can be seen in Figures 3 and 4.
We note that this product is exactly the label product of the graphs A1 and A2 as defined in [19,
Definition 3.4.8]; obviously, it is a subgraph of the graph categorical product (also called tensor
product, direct product, cardinal product or Kronecker product) of the graphs A1 and A2 .
4.1. Geometric Realization of the Product Automaton. Let σ1 and σ2 be two different
unimodular Pisot substitutions such that they have the same incidence matrix. We can therefore
associate the same alphabet, the same interval lengths and the same CPS with them. We also
assume that σi (a) starts with a for i = 1, 2 (there is always a power σ k and at least one symbol a0
such that σ k (a0 ) starts with a0 ; thus, after renaming, we are in the required situation for at least
one of the two substitutions), and in fact that a fixed point u of σ has an a on its zeroth position
(the last remark also applies to the fixed point: there is a power σ k with at least one fixed point).
k

Let Ai (k) the prefix automaton of (σi ) for k ≥ 1, and (A1 × A2 )(k) the product automaton of
A1 (k) and A2 (k). The “second” product automaton for the tribonacci substitutions can be seen
in Figure 5.
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Let
F(k) =


X 


j≥0

λk1 j



?
· l(aj )
an . . . a0 is a path in (A1 × A2 )(k) for all n ∈ N


be the geometric realization of the common dynamics of order k of the substitutions σ1 and σ2 .
For figures of the common dynamics of the tribonacci substitutions, see Figures 6, 7 and 8.
Theorem 1. Let σ1 and σ2 be two different unimodular Pisot substitutions having the same
incidence matrix. Then the following hold:
(i) F(k) ⊂ F(m) if k divides m.
(ii) Let % be the spectral radius of the adjacency matrix of (A1 ×A2 )(k) (the adjancency matrix
counts the number of oriented edges from a given vertex to a given vertex). If % < λk1 ,
then the set F(k) has zero Lebesgue measure.
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Figure 6. The Rauzy fractals for the tribonacci substitutions σ1trib and σ1trib as
in Figure 1 together with the geometric realization F(1) of the first common
dynamics.
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(j)

(iii) Suppose that both Pisot substitutions can be described as model sets. Let (Ωi )i∈A denote
the attractor of the IFS associated to σj . Then


!
[
[ (1) [ (2)
cl 
F(k) =
Ωi ∩
Ωi
.
i∈A

k≥1

i∈A

Proof. (i): It is enough to show that every path in the product automaton (A1 × A2 )(k) can also
be found (in a sense to be made precise in a moment) in (A1 × A2 )(m). Let q = m
k and define a
function fqk (aq . . . a1 ) : Rq → R on sets of q labels by
fqk (aq . . . a1 ) = λ(q−1) k aq + . . . + λ2 k a3 + λk a2 + a1 .
If w = . . . aq aq−1 . . . a1 a0 is a path in (A1 × A2 )(k), then we claim that there is a path w0 =
. . . fqk (a2q−1 . . . aq ) fqk (aq−1 . . . a0 ) in (A1 × A2 )(m). But this follows by construction: Recall that
a path in a product automaton corresponds to a path with the same labels that can be found in
both prefix automata. If one compares the prefix automaton A(1) of a substitution σ with the
prefix automaton A(q) of σ q , then the set of states remains the same, the number of transitions
from i to j in A(q) is the number of paths from i to j of length q, and the labels in A(q) can
be derived from the ones in A(1) by applying the above function fq1 to the corresponding path
of length q. But then to every path w common to A1 (k) and A2 (k) there correspnds a path w0
as above common to A1 (m) and A2 (m) and thus belonging to the product automaton (A1 ×A2 )(m).
(ii): Since we consider the strongly connected component, % is the Perron-Frobenius eigenvalue of
the adjacency matrix of (A1 × A2 )(k). We denote this adjacency matrix by A in the following.
We also note that the graph (A1 × A2 )(k) yields an IFS. More precisely, this IFS is given by
[
?
Ω(i,j) =
λk1 Ω(p,q) + t? ,
t is a label for a transition
(p, q) → (i, j) in (A1 × A2 )(k)
and one has F(k) =

S

(i,j)

Ω(i,j) where the union runs over all vertices (i, j) of (A1 × A2 )(k).

We now show that the Lebesgue measure of the sets Ω(i,j) are zero, i.e., µ(Ω(i,j) ) = 0 for all


?
(i, j). We denote the Lebesgue measure on Rr−1 × Cs by µ and observe that µ λk1 Ω(p,q) =
µ(Ω(p,q) )/λk1 . This yields




[

?
1 X
µ Ω(i,j) = µ
λk1 Ω(p,q) + t? ≤ k
A(p,q)(i,j) µ Ω(p,q) ,
λ1
(p,q)

where A(p,q)(i,j) denotes the corresponding matrix element of A. Using matrix notation, we have
established
 

 

λk1 µ Ω(i,j)
≤ At µ Ω(i,j)
(i,j)

(i,j)

t

where the inequality holds in each component and A denotes the transpose of A.
We recall the following fact from the theory of nonnegative matrices, see [14, Section XIII.§2.5]:
Let M be a nonnegative irreducible matrix with Perron-Frobenius eigenvalue α and let v be a
vector with nonnegative components. Then the inequality α v ≤ M v either implies that v is the
corresponding Perron-Frobenius eigenvector (with only positive coordinates) or that v = 0. In
either case, we have α v = M v.
By assumption, the Perron-Frobenius eigenvalue % of A (and thus also At ) satisfies % < λk1 . However, this excludes the case of positive measure for the sets Ω(i,j) and therefore establishes the
result.
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(iii) Let x ∈ L be such that
!
?

x ∈

[

(1)
int Ωi

i∈A

∩

[

(2)
int Ωi

∩ L? .

i∈A

(j)
(Λi )i∈A

S
(j)
Then, since both
(j = 1, 2) can be described as model sets, one has x ∈ i∈A Λi for
j = 1, 2, i.e., the point x occurs in both point sets generated by σj (j = 1, 2). But then there
is a k such that the vertex a has an outgoing edge labelled x in both prefix automata A1 (k) and
A2 (k) (note that this edge always belongs to the strongly connected component: let the incoming
vertices of the previous edge be i1 and i2 , respectively. Then, there are edges labelled 0 from ij
to the first letter of σjk (ij ) (j = 1, 2) and thus a corresponding edge in the product automaton
of order k. One can continue in this manner, and by the finiteness of the alphabet one obtains a
circle with edges labelled 0 in the product automaton.). Consequently, one has x? ∈ F(k), and we
have shown that


!
[
[
[
(1)
(2)
int Ωi ∩
F(k) .
int Ωi
∩ L? ⊂ 
i∈A

i∈A

k≥1

We note that L? is dense in the internal space H. Therefore, taking closures and using that the
(j)
(j)
(j)
sets Ωi are regularly closed (i.e., cl int Ωi = Ωi for j = 1, 2 and i ∈ A) yields


!
[ (1) [ (2)
[
(3)
Ωi ∩
Ωi
⊂ cl 
F(k) .
i∈A

However, F(k) ⊂
claim.

S

(1)

i∈A

Ωi

∩

i∈A

S

(2)

i∈A

Ωi



k≥1

clearly holds for all k, which then establishes the


We do not have F(k) ⊂ F(m) whenever k < m in (i) as can be seen in Figure 8. Without the
assumption of the Pisot conjecture in (iii), one cannot establish Eq. (3) (the other inclusion holds
by construction). Regarding (ii), we note that one always has the trivial bound % ≤ λ2·k
1 , since
the (label) product of two graphs is a subgraph of the graph categorical product. However, we
conjecture that the inequality % < λk1 holds for all k.
4.2. Remarks and Further Considerations.
S
(j)
(i) Let Λ(j) = i∈A Λi be the point set in R generated by the Pisot substitution σj (j =
1, 2). If the Pisot conjecture holds, then one has
!
!


[
[ (1) [ (2)
[
(1)
(2)
(1)
(2)
Λ
int Ωi ∩
int Ωi
⊂ Λ ∩Λ
⊂ Λ
Ωi ∩
Ωi
.
i∈A

i∈A

i∈A

i∈A


(2)

Similarly, if Λ[k] ⊂ Λ(1) ∩ Λ
denotes the points in R that arise from finite paths in
the kth product automaton, then we have



2 [
[
(j)
Λ F(k) \ 
∂Ωi  ⊂ Λ[k] ⊂ Λ (F(k)) .
j=1 i∈A

Note that by the density formula for model sets (see [28]) and because of Theorem 1(ii),
these sets Λ[k] are point sets of zero density in R.
(ii) For so-called β-substitution (some Pisot substitution are also β-substitutions), the property that 0 is in the interior of Ω plays a special role, e.g., see [1]. Obviously, if 0 (or
any other point) is an interior point of Ω (i) for both substitutions σi (i = 1, 2), then the
intersection Ω (1) ∩ Ω (2) also has interior points and therefore nonzero Lebesgue measure.
Note that the assumption that σj (a) starts with a for j = 1, 2 implies that 0 ∈ F(k) for
all k.
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(iii) We can also give an upper bound on the Hausdorff dimension of F(k) (obviously, one
always has that the Hausdorff dimension of F(k) is less or equal to the one for F(m)
if k divides m): We note that F(k) is defined by a graph-directed IFS with contraction (λk1 )? which is simply the map Rr−1 × Cs → Rr−1 × Cs , (x1 , . . . , xr−1+s ) 7→
(λk2 x1 , . . . , λkr+s xr−1+s ). We take the absolute value of these factors λki and take the
ones that arise from a complex number (i.e., kλki k with r + 1 ≤ i ≤ r + s) twice. This
yields n0 = 2s + r − 1 positive numbers α1 , . . . , αn0 (smaller than 1) which we order such
that α1 ≥ α2 ≥ . . . ≥ αn0 . The numbers
αi are called singular values, and we define the

singular value function Φq (λk1 )? of (λk1 )? by (see [10, 11, 12, 31, 32])

Φq


 1
 
q−dqe+1
α1 · α2 · . . . · αdqe−1 · αdqe
(λk1 )? =

0
 (α · α · . . . · α )q/n
1
2
n0

if q = 0
if 0 < q ≤ n0
if q > n0

We note that
 the measure of a set of Hausdorff dimension q shrunks at least by a factor
of Φq (λk1 )? if one applies the map (λk1 )? to this set. Let us denote the PF-eigenvalue
of the adjacency matrix of the product automaton
(A1 × A2 )(k) by %. Then, there exists

a unique value q0 > 0 such that % · Φq0 (λk1 )? = 1. We call q0 the affinity dimension of
the graph-directed IFS, and one can show that this is an upper bound for the Hausdorff
dimension of the set F(k) (see [10, 11, 12, 31, 32]).
If we have α1 = . . . = αn0 , then we are in the self-similar case (sometimes – if the term
self-similar is used in a broader sense meaning essentially only that one has an IFS – this
is also called self-conformal, althought self-conformal is sometimes also used in a different
sense). In this case, the affinity dimension is usually called the similarity dimension. It is
well-known that if the open set condition (OSC) holds, the similarity equals the Hausdorff
dimension. Suppose
SmweShave a graph-directed IFS in m component wherefore we can write
the IFS as Si = j=1 t∈T f (Sj ) + t (1 ≤ i ≤ m), where f is the (same contracting)
ij
linear part of all maps in the IFS (a similarity) and Tij is a finite (possibly empty) sets of
translation vectors. The OSC holds for such a graph-directed
Sm IFS,
S if there exists a family
of disjoint nonempty open sets (Ui )m
such
that
U
⊃
i=1
i
j=1
t∈Tij f (Uj ) + t with the
unions disjoint. We note that the IFS associated to a unimodular Pisot substitution σ is
self-similar iff σ is a unimodular Pisot substitution over 2 symbols or a unimodular Pisot
substitution over 3 letters such that the non-PF eigenvalues of the incidence matrix are
complex conjugate (i.e., not all 3 eigenvalues of the incidence matrix are real). We can
then use the following fact, see [4]:
Suppose that the Pisot substitution σ1 can be described as model set and the sets (Ωi )i∈A
are given through a self-similar IFS. Then, the family of sets (int Ωi )i∈A consists of the
(nonempty and disjoint) open sets for which the OSC holds.
But with this, one can also show that the OSC is also satisfied for the IFS that defines
the set F(k).
Corollary 2. Suppose that the unimodular Pisot substitutions σ1 and σ2 (having the
same incidence matrix) can both be described as model set and the sets (Ωi )i∈A are given
through a self-similar IFS, i.e., σi are either Pisot substitutions over 2 symbols or Pisot
substitutions over 3 symbols such that not all eigenvalues of the incidence matrix are real.
Then, the Hausdorff dimension of the set F(k) is given by its similarity dimension.
Proof. Let Ã = {(i1 , i2 ) | (i1 , i2 ) is a state in (A1 × A2 )(k)} be the set of stetes in the
corresponding product automaton. Then, F(k) is given as union over all sets Ω(i ,i ) with
1

(i1 , i2 ) ∈ Ã and the latter sets are given by an IFS
Ω(i1 ,i2 ) =

[

[

(j1 ,j2 )∈Ã t∈T(i1 ,i2 ),(j1 ,j2 )

(λk1 )? Ω(j1 ,j2 ) + t

2
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(2)

with appropriate sets T(i ,i ),(j ,j ) . But here, the sets U(i ,i ) = int Ωi1 ∩ int Ωi2 are the
1 2
1 2
1 2
required sets for the OSC: By construction, we have (λk1 )? U(j ,j ) + t ⊂ U(i ,i ) and the
1 2
1 2
disjointness comes from the above stated fact.


(iv)

(v)

(vi)

(vii)

Consequently, we can calculate the Hausdorff dimension of the sets F(1), F(2) and F(3)
shown in Figures 6, 7 and 8: For F(k), the singular value function is (basically) given by
Φq = α1k·q (assuming that the Hausdorff dimension will be between 1 and 2; note that
in the two letter
p case one has α1 = 1/λ1 , while in the three letter self-similar case one
has α1 = 1/ λ1 ). The value for % is given by the dominant root of x3 − x2 − 1 = 0,
x3 − x2 − 3 x − 2 = 0 and x3 − 6x2 + 8x − 4 = 0 for F(1), F(2) and F(3), respectively. This
yields approximately the Hausdorff dimensions 1.255, 1.511 and 1.617 for F(1), F(2) and
F(3), respectively.
We also note that it might be possible to use [11, Theorem 4] to show that the affinity
dimension of F(k) (in the unimodular case) equals its box-counting dimension; compare
[36], where [11] is applied to determine the box-counting dimension of the boundary of
the Rauzy fractals of unimodular Pisot substitutions.
Note that F(1) for the tribonacci substitutions in Figure 6 is a dendrit, i.e., a connected
and locally connected set which does not contain a subset homeomorphic to a circle.
Moreover, the order of the branching points is 3. This is proved in [33, Proposition 2].
If a Pisot substitution is not unimodular, i.e., the absolute value of the determinant of the
incidence matrix is bigger than 1, then the internal space H is not only the product of all
(non-equivalent) Archimedean local fields different from the one real field associated with
λ1 (i.e., the one real field in which multiplication by λ acts expansive), but also has some
p-adic components. More precisely, one has to take all those p-adic fields into account
(where p is a prime ideal for the ring of algebraic integers for Q(λ)) for which the p-adic
absolute value of λ is less than 1. This can only happen if p lies over a prime dividing the
determinant of the incidence matrix. E.g., for the substitution σ1♣ : a 7→ aaba, b 7→ aa
(where det Sσ1♣ = −2) with `a = λ/2 ≈ 1.78 and `b = 1, the internal space is given
by H = R × Q2 . One can check that with this normalisation, one has Λ?i ⊂ R × Z2
(the star map is again a “diagonal embedding” λ1 7→ (λ2 , λ)). One can now study the
common dynamics of σ1♣ and σ2♣ : a 7→ aaab, b 7→ aa, which is shown in Figure 9. In
this figure, we have “visualised” the 2-adic integers as kind of a thick Cantor set: Z2 is
a discrete valuation ring, every 2-adic integer has a Taylor-like
expansion in powers of
P∞
2 with digits {0, 1}, i.e., x ∈ Z2 can be written as x = i=0 di 2i with di ∈ {0, 1} (we
., the latter being the 2-adic
use the short-hand notation .d0 d1 d2 . . . and .1 = .1111 . . P
∞
representation ofP
the number −1). The 2-adic integer x = i=0 di 2i is mapped into the
∞
interval [0, 1] to i=0 di 2−i−1 . Theorem 1 holds mutatis mutandis also in this case. For
more on nonunimodular Pisot substituitions and in particular σ1♣ , see [32] (one can also
define Hausdorff dimensions in these mixed Euclidean and p-adic spaces, see [31]).
We also note that one can study the common dynamics of more than 2 substitutions. In
[33, Section 4], one of the authors studied the common dynamics of the (k − 1 many)
so-called k-bonnaci substitutions (k = 3 is the case of the two tribonacci substitutions).
In particular, a picture of the common dynamics of the 4-bonacci substitution is shown
in [33, Figure 7]. We note that all k-bonacci are Pisot substitutions by a theorem in [6].
For the definition of “k-bonacci substitution”, also see [33].
One can also study the common dynamics of two primitive substitutions which do not
have the same incidence matrix but can be described as model sets with the same cut and
project scheme. This happens if their incidence matrices have the same PF-eigenvalue
(which we also require to be a Pisot-Vijayaraghavan number), the modules generated by
the components `i of the left eigenvalue ` of the incidence matrix coincide and the modules
generated by the union of all difference sets Λi − Λi coincide (for a Pisot substitution,
the module generated by the `i and the one generated by the union of the difference sets
are the same). E.g., one can study the common dynamics of the substitution σ1trib and
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−1

1

0

1

Figure 9. The “Rauzy fractals” and the first common dynamics for the substitutions σ1♣ : a 7→ aaba, b 7→ aa and σ2♣ : a 7→ aaab, b 7→ aa. See Remark (v) for
details.

0

! 
?>
=<m
89
:;
(a, A)
O

0

0

?>
=<
89(a, B)
:;o
1

- (b, B)
=<
?>
89
:;

1

?>(a, D)
=<o
89
:;
B

0

"
?>(b, C)
=<
89
:;

1

0

=<
?>(c, C)
89
:;


0

(Atrib
× A0 )(1)
1
Figure 10. The product automaton for the substitutions σ1trib (over the alphabet
{a, b, c}) and σ 0 (over the alphabet {A, B, C, D}). See Remark (vii) for details.
the substitution σ 0 : A 7→ AB, B 7→ AC, C 7→ D, D 7→ BD. Here, the PF-eigenvalue
of Sσ 0 equals the PF-eigenvalue of Sσ1trib , and one can chose the PF-eigenvectors such
that `A = `D = `a = 1, `B = `b and `C = `c (we use lower case letters for the alphabet
of the tribonacci substitution). The product automaton of Atrib
and A0 is shown in
1
Figure 10, for which the PF-eigenvalue of its adjacency matrix is the dominant root of
x4 − x3 − x2 − x + 1 = 0 (approximately 1.722). Thus, the first common dynamics is
here a set with Hausdorff measure approximately 1.784 (the calculations are similar to
the ones above).
5. Appendix: On Some Discrete Dynamical Systems
Associated to a fixed point u of a substitution σ there is a symbolic dynamical system (X(u), S)
where S is the shift map on AN given by S(v0 v1 v2 . . .) = v1 v2 v3 . . . and X(u) is the closure in AN of
the orbit of u under the shift S (with respect to the usual product metric). Corresponding notions
hold in the two-sided case, where the shift is given by S(. . . v−2 v−1 v̇0 v1 v2 . . .) = . . . v−1 v0 v̇1 v2 v3 . . ..
If the substitution σ is primitive, then the (topological) dynamical system (X(u), S) is strictly
ergodic, i.e., uniquely ergodic and minimal (see [25, Chapter V.] and [24])
While here the substitution σ enters only implicitly through a fixed point u it generates, one can
also define a dynamical system using the prefix automaton. For this, we use the following variant
of the unique composition property (see [35]) respectively of recognisability (see [22, 23, 24]), which
was proved in [27, 8]:
Let w be a non empty prefix of u, a fixed point of the substitution σ. Then there exists a unique
path in the prefix automaton, starting from a and labelled by (v(n), v(n − 1), . . . , v(0)) ∈ Prefn+1
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such that v(n) 6= ∅ and w = σ n (v(n))σ n−1 (v(n − 1)) · · · v(0). Conversely, to any such path, there
correspond a prefix of u, given by the above formula.
Let u0 u1 . . . un−1 be the word formed by the first n symbols of u. Then, according to the previous
statement, there is an m ≥ 0 such that we can write u0 u1 . . . un−1 as follows: u0 u1 . . . un−1 =
σ m (v(m)) · · · σ(v(1))v(0). Therefore, n = #σ m (v(m)) + · · · + #σ(v(1)) + #v(0) where #w denotes
the length of the word w (with the convention #∅ = 0).
Let
R=

o
n
a = a0 a1 . . . ∈ PrefN an . . . a0 is a path in A for all n ∈ N ,

where A is the prefix automaton of σ. We can order lexicographically (note that we may either use
the labels Pref or the labels l(Pref), the latter one come with the natural order on R) all the finite
paths in A, so the addition by 1 of a given element in A∗ is its consecutive element (note that a finite
path a0 . . . ak terminating in the state i correspond to the point λ01 l(a0 ) + . . . + λk1 l(ak ) Λi ).
Therefore, addition by 1 in R is well defined, we will denote this map by T . Hence, we have
the dynamical system (R, T ), which is called the adic system of σ, see [17, 9]. We note that
such a dynamical system is sometimes also called stationary Markov compactum or stationary
Bratteli-Vershik system, see [38, 13, 9, 17, 24] for further details.
We are now able to state the relationship between the adic system and the substitution system,
see [13], [9, Prop. 16], [17, Theorem 2.5.5], [24, Theorem 7.2.5]:
Let σ be an aperiodic primitive substitution on the alphabet A with fixed point u. Then, the
substitution dynamical systems (X(u), S) and the adic system (R, T ) are isomorphic.
Let us return to the Pisot conjecture which states that a fixed point of a Pisot substitution
σ can be described as model set. Here, the fixed point u respectively its representation (Λi )i∈A
with interval lengths (`i )i∈A is “represented” by a family of compact sets (Ωi )i∈A in a higher
dimensional space (using the star map). One can also represent the points
S in the adic system
(R, T ), i.e., the infinite paths in the prefix automaton, as points in Ω = i∈A Ωi . We define the
map
X
?
ϕ : R → Ω,
(ai )i≥0 7→
λi1 l(ai ) .
i≥0

The adic dynamical system (R, T ) allows us to define a dynamical system in the Rauzy fractal
(Ω, F ) such that the following diagram commutes:
T

R −−−−→


ϕy

R

ϕ
y

Ω −−−−→ Ω
F

The map F is called a domain exchange and is defined by:
∀x ∈ Ω, F (x) = x − `?i if x ∈ Ωi .
We note that (if the Pisot conjecture holds) the sets Ωi intersect only at boundary points wherefore
the map F is actually defined almost everywhere on Ω (more precisely, both (Ωi )i∈A and (Ωi −
`?i )i∈A are measure-disjoint partitions of Ω). Also see [2, 7, 24] on details of the domain exchange
transformation.
The common dynamics F(k) of two substitutions σ1 and σ2 , which we defined and studied in
this article, is the geometric representation (under the map ϕ) of the points respectively infinite
paths common to the prefix automata of σ1k and σ2k . The wish to understand how different or how
similar two substitutions with the same incidence matrix but different orderings of the symbols
are, originated this study.
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