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Abstract
The inclusion of auxiliary information in the pa-
rameter estimation of groundwater flow is a dif-
ficult task that needs special consideration for
better site characterisation.
In this poster, a two parameter ratio-product-
ratio estimator for a finite population mean in
a simple random sample without replacement is
proposed following the methodology in Ray and
Sahai (1980), Sahai and Ray (1980), Sahai and
Sahai (1985), and Singh and Ruiz Espejo (2003).
The bias and mean square error of our pro-
posed estimator are obtained to the first de-
gree of approximation. Optimum conditions for
the parameters have been derived, under which
the proposed estimator has the minimum mean
square error as compared to the sample mean,
ratio and product estimators.
The methodology is tested using groundwater
data taken from a geological site in the state of
Florida, which shows that the proposed estima-
tor greatly outperforms the traditional estima-
tors.

Statement of the Problem
Efficiency within the realm of estimation the-
ory has been a topic of concern for many years,
and the use of auxiliary variables in the analysis
phase seems to improve such efficiency.
We study how the inclusion of a univariate aux-
iliary variable within our proposed estimator im-
proves the efficiency of groundwater manage-
ment in a reservoir.

Proposed Estimator
For a finite population, we are interested in es-
timating the population mean Ȳ of the main
variable from a simple random sample of size
n with sample mean ȳ (drawn without replace-
ment). Additionally, we know the population
mean X̄ and sample mean x̄ for the auxiliary
variable.
For estimating the population mean Ȳ of the
main variable, we proposed the following two
parameter ratio-product-ratio estimator:

ȳα,β = α

[
(1− β) x̄+ βX̄

βx̄+ (1− β) X̄

]
ȳ

+ (1− α)

[
βx̄+ (1− β) X̄

(1− β) x̄+ βX̄

]
ȳ

where α, β are real constants.

Our goal is to derive values for these con-
stants α, β such that the bias and/or the
mean square error (MSE) of ȳα,β is min-
imal.

Note that ȳα,β = ȳ1−α,1−β , i.e., the estima-
tor ȳα,β is invariant under a point reflection
through (α, β) = ( 1

2 ,
1
2 ). In the point of sym-

metry (α, β) = ( 1
2 ,

1
2 ), the estimator reduces

to the sample mean, i.e., ȳ 1
2 ,

1
2

= ȳ. In fact,
on the whole line β = 1

2 our proposed esti-
mator reduces to the sample mean estimator,
i.e., ȳα, 12 = ȳ. Similarly, we get ȳ1,0 = ȳ0,1 =

(x̄ ȳ) /X̄ = ȳP (product estimator), and ȳ0,0 =
ȳ1,1 =

(
ȳ X̄

)
/x̄ = ȳR (ratio estimator).

Bias and MSE
The first degree approximation of the bias and MSE are

Bias1 (ȳα,β) =
1− f
n

(1− 2β) [1− α− β − (1− 2α)C] C2
X Ȳ

MSE1 (ȳα,β) =
1− f
n

Ȳ 2
{
C2
Y + C2

X(1− 2α)(1− 2β) [(1− 2α)(1− 2β)− 2C]
}

where CX = SX

X̄
and CY = SY

Ȳ
are the coefficients of variation of the auxiliary variable X and main

variable Y , and C = r · CY

CX
is a coefficient of correlation (r denotes Pearson’s correlation coefficient).

Left: Surface of “bi-
asfree estimators” in
the parameter space
(α, β, C) ∈ R3.
Middle: Surface of
“AOE parameters”
(minimal MSE in first
approximation).
The two surfaces
intersects along the
black curves (three
hyperbolas and one
straight line).

Besides the straight line β = 1
2 if C = 0, the optimal values of

the parameters (α∗(C), β∗(C)) ∈ R2 in the parameter space
where our proposed estimator is an unbiased asymptotically
optimum estimator (AOE) are given by (this yields three
hyperbolas)

α∗(C) =
1

2

(
1±

√
C

2C − 1

)
and

β∗(C) =
1

2

(
1±

√
C(2C − 1)

)
.

The figure to the right illustrates the region of the parameter
space (α, β, C) ∈ R3 where our proposed estimator ȳα,β has
lower MSE than the traditional estimators ȳ (sample mean),
ȳP (product estimator) and ȳR (ratio estimator).

Application: Groundwater Data
Using data taken from the Department of the Interior, United States Geological Survey
(USGS), site number 02290829501 (located in Florida), a comparison of our proposed esti-
mator ȳα,β = ȳ∗(C) to the traditional estimators was carried out. The study variables
(denoted by Y ) are taken to be the maximum daily values (in
feet) of groundwater at the site for the period October 2009
to September 2010. The auxiliary variables (denoted by X)
are taken as the maximum daily values (in feet) of groundwa-
ter for the period October 2008 to September 2009. Our goal
is to estimate the true average maximum daily groundwater
Ȳ for the period October 2009 to September 2010.
Using the entire data set, we calculate the following statis-
tics: Ȳ ≈ 0.5832, X̄ ≈ 0.6277, SY ≈ 0.4480, SX ≈ 0.7222,
r ≈ 0.9125, CY ≈ 0.7681, CX ≈ 1.1504 and C ≈ 0.6092. A
scatterplot of the data set is shown at the right, which adds
emphasis to the positive measure of association between the
study variable Y and the auxiliary variable X.
The table below shows the relative efficiencies of the traditional estimators (sample mean ȳ, ratio
ȳR and product ȳP estimators) and our proposed two parameter ratio-product-ratio estimator ȳα,β
for (α, β) = (−0.3349, 0.3176) applied to this data set. We note that with this choice of parameters,
the estimator is an (unbiased) AOE, namely ȳ−0.3349,0.3176 = ȳ∗(0.6092). The table shows that our
two parameter ratio-product-ratio estimator dominates the traditional estimators in the sense that
it has the highest efficiency.

MSE(ȳ)
MSE(ȳ)

MSE(ȳ)
MSE1(ȳR)

MSE(ȳ)
MSE1(ȳP )

MSE(ȳ)
MSE1(ȳ∗(0.6092))

100% 196.11% 16.73% 597.28%


